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Abstract

Algebraic topology is a branch of mathematics which use the concepts of abstract algebra to
study topological spaces in which to find algebraic invariants that classify topological spaces
up to homeomorphism. In this paper, the basic properties of some concepts on algebraic topol-
ogy such as the topological ring, the topological module, and the topological free module were
recalled, which were helped to define new concepts and proof some of there properties as a
new results. Then, some results related to the relation between the free topological module and
homomorphism topology. As in any application will be introduced, the tensor concept will be
chosen to explain the new results related to the topological module.

Keywords: topological ring; topological module; topological free module; homomorphism topo-
logical module; topological dual injunctive.
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1 Introduction

Topology and algebra are the two fundamental branches of mathematics that play comple-
mentary roles; topology deals with the concepts of convergence, continuity, and limit. While, the
algebra studies all the operations and provides a basis for algorithms and calculations [3]. One
of such instance of using a special rings in applications is the boolean ring RB for which a* = a
for all a € RB. The Boolean ring plays a vital role in the areas of engineering communication
and computer science [8]. Topology and algebra come into contact most naturally in applications
in higher-level domains of mathematics. Some examples of algebraic topology include Homol-
ogy theory. This is a fundamental tool in algebraic topology that associates a sequence of abelian
groups with a topological space. The definition of a topological group was first defined by Kaplan-
ski in 1955 [4]. Then, Ibrahim and Khalaf [5] introduced the definitions of a topological module
and a topological submodule.

After that, these concepts were studied by many scientists such as Alberto Tolono and Nelson.
Mahuoub [6] introduced the definition of the concept of a topological injective module and gave
some of its properties [7]. In this paper, we begin with recalling some background information
on topological group, topologica ring and topological module [5], that will be used in this work,
as well as reviewing the definition of topological module base and topological free module[1]
which we extend it by choosing tensor concept of topological free modules. Some new results
have been proved the equevalency of the conditions of a tensor product of two topologically free
modules. As well as, we show that the homomorphic image of n tensor product of F R—module is
FR—module. Another important result has been proved is the n tensor product of F'R—module
is completely disconnected and hence it is totally disconnected.

2 Background

In this section, we introduce some basic concepts of the most important definitions that will be
used in this research.

Definition 2.1. [1, 7]. An abelian group G with a topology T on G is called a topological group, if it satisfies
the two conditions that, if for each two elements a and b in G such that a + b € 4 € T there exist ¥ and 20
intwitha € Vand b € W and LV + W € 7. In addition to the second condition that for each element a of
G, a €U € 7 ifits inverse a=! € U € T implies that B~ C L.

Definition 2.2. [2] A ring R with a topology 7 is called a topological ring if R is a topological group
with respect to addition, and for each two elements a and b of R and for any 3 € 7 if a.b € i there exist
0,200 € 7 witha € 0,b € Wand U, 20 C 4.

Definition 2.3. [6, 7] A left module M on a ring R is called left topological module on R, if it is a topological
group and satisfies the following: for every x € M, A € R the map h : R x M — M is continuous.

Definition 2.4. [1, 7, 2]. A homomorphism module f : E — E, where both E and E are topological
modules which are called topological module homomorphism, if they are continuous.

Definition 2.5. [2] A topological module base E of topological module E should be the family {E,,}
of the open topological period submodule of E that satisfies the conditions that:

neN

1. {Ey},,cy represented essential system of neighborhood for zero in E.

2. Nnen {En} = {0},
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3.
4.

EiDFE D ...
Do {En} = B, if
Uy : B — By,
be open continuous projective then:
ker (uy) = @D {En},
v#n
and

E = ker (uy) @ {E.},

wheren > v > 1.

Definition 2.6. [1, 6] A topological module & of a topological ring R is called topological free module if it
has topological module base.

Definition 2.7. [9, 7] Topological modules base By ® By of topological module £ ® E be the family
{En QE n} N of open topological period of E © Es satisfies the following conditions,
ne

1.

2.

{E’n ® é"}neN is essential of neighborhood of zero in E ® E.
Muew {En® B} = {0},
Ei@E, DB @Es> ...
® (En ® En> =E® E if uy - E® E - E,® EU open continuous dual injective map implies
that,
ker (u,) = ® (En ® En) ,
and

(E®E) :ker(uy):®(En®én),

wheren > v > 1.

3 Topological Free and Topological Dual Injective Modules

Definition 3.1. A topological module (E ® E) of a topological ring is called topological free module

denoted by F' R— modules if it has bases of topological modules.

Remark 3.1. Every module E ® E is topological F R- module but the opposite is not true.

Proposition 3.1. If E ® E is topological module of topological ring and E © E is topological F R-module

then every surjective homomorphism topological module § : A ® A — E ® E is split for all topological

module A ® A of topological ring.
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Proof. The proof is clear O

Theorem 3.1. If E ® Eis topological F' R- module of topological ring then the conditions:

i. E® E has non-empty topological base.

i. E® E topological tenser product of topological priod submodule and every one of them is homomor-
phism topological module.

Proof. There exists non-empty family Bl ®B2 and i : Bl ® Bg — E®FE with property if topological
module A ® A of topological ring and map f Bl ®B, - A A .3 unige homomorphism

topological module f :E®FE — A® Asuchthat, io f = f that is mean there exists f to give
commutative as in the Figure 1.

Bl®BQ E®E

Aw A

Figure 1:iof;: f

O

Proposition 3.2. If E®FE,E ®FE,and By ® Ey are left topological modules such that E; ® Ey is
topological F'R- module and i : B4 ® B, — By ® Es be homomorphism topological module then Ey ® Ey
is topological F'R- module.

Proof. The proof of this proposition is the same as the proof of Theorem 3.1 through substituted
A® Aby E® E. O
Proposition 3.3. If B, ® E1, By ® Ey and Es ® Es are left topologzcal modules of a ring R such that

E,®FE,, Bs® Esare topological F'R—modules and h : E4 ® B, — Es;® E3 are homomorphism topological
module then Es @ F is topological F R-modules.

Proof. By the diagram we obtain 4; ® A, and B; ® B; are topological module and,

f ) E1 — B ® Bl be homomorphism topological module, § : 4; ® Al — B ® Bl is the
surjective topological module but £; ® E1 is topological module, ie., 3 f B ® E1 — A1 ® Al
is homomorphism topological module st: g o f* = f o h.

Now we define,

}’L : B3 ®E3 — A ®A1(St)}lL = f*/ Oh_l,
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we need to prove that,

Goh=fgoh=go(f oh™)=(gof")oh™",
= (foh)oh ™ (foh)oh™' = f.

Hence, E3 ® Ej is topological FR-module (Figure 2).

Ey ® E;

f*’ E> ® Es

i . E3®E3
A1®A1 e/h/

B, ® B;

Figure 2: E3 ® Esis topological F'R- module.

O
Proposition 3.4. If E; ® E;, ®1<; j<n(E; ® E;) is left topological module of R st: E; ® E; is topolog-
ical F'R-modules and h : E; ® E; — ®1<; j<n(E; ® E;) is homomorphism topological module, then
®1<i,j<n(E; ® E;) is topological F' R—modules.
Proof. By the diagram A; ® A; and B; ® B, are topological module of R and,
f:E;®E; - B;®B;,
homomorphism topological module s.t:
foh=f,§:A;®A; - B;® By,

is surjective topological module but F; ® E; is topological module, so 3 f Y E®F ;= A ®A;
is homomorphism topological module s.t:

jof* =Ffoh.
Now, we define h: Ri<ij<n(Bi @ Ej) — A; @ A; sit h= f*/ o h~!, we can prove
g’oszfg’ofzzg’o(f*/oh_l),
- (gof*’) oh=fo(hoh™)=f.

Thus, ®1<i j<n(E; ® E;) is topological ' R—modules. O
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Proposition 3.5. If,®1<; j<n (E; @ E;) ,®1<pq<n (Ep ® Eq) are left topological modules of R s.t:
®1<ij<nbi @ Ej is topological F R-modules and h : ©1<i j<nE; @ E; — ®1<pq<n(Ep ® E) is home-
omorphism topological module then, @1<pq<n(Ep ® E ) is topological F' R-modules.

Proof. By the diagram, we obtain ® (A ® A) and ® (B ® B) two topological module and f :
®1<ij<n(Ei ® Ej) = ®1<pq<n(Ep ® E ) be homeomorphism topological module, § : A ® A —
B ® B is surjective topological module but,

JE Ri<ij<n(BiQE;) = ® <A1 ® 141) )
homomorphism topological module s.t § o f* = f o h. Now we define,
h:®1<pgen(By® E,) > ® (A ® A) ,
such that h = f * o h. We can prove,
goh=fgoh=go(f on),
= (9o ") on (fon)on™ = fo(hon™) = f.

Thus, @1<pg<n(Ep ® E,) is topological F'R-modules. O
Proposition 3.6. If ®1<y,<nFy, and @1<yo<nfy, ..., i<y, <nloy, are left topological modules, st
®FE,, ..., ®1<y,_1<nk~, _, are F R-topological modules, and h : ®@1<y,<nEy, = ®1<~,<nE~, bea

homeomorphism of topological modules, then, ®1<~, <nE., are also topological F' R—modules.

Proof. By the diagram we obtain A ® A, B ® B are topological module of R and
fi®<pcnBy = Orcp<nby,

be homomorphism topological module and § : A® A — B® B is a surjective topological module.
But if ®1<.,<nE, is topological module, then there exists,

JaE O1<pn<nby 2 A® A,
is the homomorphism topological module st § o f* = f o h. Now, we define,
h:®icy,<nEy, — A® A,
where i = f*' o b1, also we could prove:
Goh=fjoh=go (f*’ohfl),
_ (f’oh) oh™'=fo(hoh™) =
Thus, ®1<~, <nF, is topological F'R-module. O

Proposition 3.7. Topological ' R-modules ®1<; j<n(E; ® E;) of R is completely disconnected.
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Proof. Since period topological submodule (E; ® E;) of the base of the topological module F'R -

modules E ® E is openof £ ® E, then all submodule contain component £ ® FEatzeroof EQ E
is totally disconnected. O

Proposition 3.8. The topological F R-modules ®1<; j<, { E; ® E;} of R is totally disconnected.

Proof. By Proposition 3.6. Let, Z; @ Z; and Wi ® W, be two topological modules of R and let

i ®1<y <y (VA,1 ® Vﬂ,l) — W1 ® Wy be a topological homeomorphism module and
g:Z1®Z2—>W1®W2,

is a topological surjective homeomorphism module. Since ®1<~, <n, (V,Yl ® V%) is dual injective
of topological module, then,

3 f*/ : ®1§'yl§nlvl 2 Vl — Zl ® ZQ?

is homeomorphism topological module. Define / : @1<-, <n,. (V% V. n) — Z1 ® Z3 by,

h(wed)=f" oh(v®d) VY (©&0) € Dicy,<n, (V%m/n),
where (v®7) = (v1 ® 1) ® (V2 ®@D2),...,Q (vy, ®Vy,) and
Goh(wed)=gof oh(wei)=foh(vei)=/f(ved).

Thus, ®1<~, <n., (V% ® V%) is dual injective of topological module. O

4 Conclusion

This paper introduced a definition of topological free module and gone over many key results
within the area of general topology. A basic introduction to topological groups, topological rings
and topological modules is provided. In addition, we have given a review of the definition of
topological module base and topological free module. The tensor concept is used to explain the
new results. For future work, the definitions of topological free module and topological dual
injuctive module could introduced by using the concept of topological base rather than general

topology.
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